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Abstract
3 $F(x,$ $\mathrm{u}_{1},$ $\ldots$ , u Heoel $\mathrm{H}\mathrm{e}\mathrm{n}\epsilon \mathrm{e}\mathrm{l}$
– $\mathrm{u}_{1},$ $\ldots$ ,up - $F$ ( $x$ )
$\chi$( $u_{1},$ $\ldots$ , up) $\chi(u_{1}, \ldots, u\ell)$
Hensel
$0$
$F(x,u_{1}, \ldots,\mathrm{u}\ell)$ $\mathrm{C}$ $F(x,s_{1}, \ldots, s\ell)=$ $(x,\epsilon_{1}, \ldots, s\ell)=0$
$(s_{1}, \ldots, s\ell)\in \mathrm{C}^{\ell}$ Hensel $(\alpha, s_{1}, \ldots, s\ell)\in \mathrm{C}^{\ell+1}$
$(\epsilon 1, \ldots, s\ell)$ Hensel Hensel
Hensel Hensel [Kllo89, SK93, SK99, SIOO]
$(u_{1}, \ldots, u\ell),$ ( $s_{1},$ $\ldots$ , s $(u),$ $(s)$
Hensel [SS96] Hensel
$[\mathrm{S}\mathrm{Y}98]_{\text{ }}$ $3$ [IwaO3,Iwa04]
[Ina05]
2 $F(x,\mathrm{u}_{1})$ $\chi(u_{1})$ Pu eux 3
$F(x,u)$ $x$ $\chi(\mathrm{u})$ $\mathrm{u}_{1},$
$\ldots,$
$\mathrm{u}\ell$ Puiseux
$\mathbb{N}\mathrm{c}\mathrm{D}95$ ] $\chi(u)$ Puiseux
Hensel $u_{1},$ $\ldots,$ $u\ell$ ( )
( ) $\chi(u)$ Hensel
Hensel $0$ 3
$(\ell\geq 2)$
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1 Newton Moses-Yun
\mbox{\boldmath $\chi$}(u)
$F(x,\mathrm{u})$ $x$ deg(F) $1\mathrm{c}(F)$ $u_{1},$ $\ldots,$ $u\ell$
( ) $f(\mathrm{u})$ tdeg$(f)$ (
) $\mathrm{o}\mathrm{r}\mathrm{d}(f)$ Hensel $g(\mathrm{u})/h(u)$
$\mathrm{o}\mathrm{r}\mathrm{d}(g/h)=\mathrm{o}\mathrm{r}\mathrm{d}(g)-\mathrm{o}\mathrm{r}\mathrm{d}(h)$ $g:(u)$ $h_{j}(u)$ ( ) $i$ $j$
$g:(\mathrm{u})/h_{j}(u)$ $i-j$ $\mathrm{C}$
$\mathrm{C}\langle(u)\}$ 0 $P$ $Q$ $\mathrm{r}\mathrm{e}\mathrm{s}(P, Q)$ $\mathrm{r}\mathrm{e}\mathrm{m}(P, Q)$
$F(x,u)$ $r,x^{e}\cdot u_{1}^{e_{1}}\cdots u_{\ell}^{\mathrm{c}p}$ 2 $(e_{x}, r_{t},)$ $e_{t}$






$\mathcal{L}_{\mathrm{j}}$ Newton $F_{\mathrm{N}\epsilon \mathrm{w}_{\mathrm{j}}}$ $F_{\mathrm{N}\epsilon \mathrm{w}_{f}}$
$x^{n_{f+1}}$ xO. : $F_{\mathrm{N}\epsilon \mathrm{w}_{1}}=F_{\mathrm{N}\cdot \mathrm{w}}/x^{n_{2_{\text{ }}}}$




$n_{j}=$ $\mathcal{L}_{j}$ $e_{\varpi}$ $(n_{q+1}=0, n_{1}=n)$
Newton $F_{\mathrm{N}\mathrm{o}\mathrm{w}}$ ( $H_{1},$ $\ldots,$ $H_{f}$ )o
$\{$
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x,u)=G_{1}(x,u)\cdots G_{f}(x,u)$ , $\mathrm{g}\mathrm{c}\mathrm{d}(G_{i}, G_{j})=1$ $(\forall i\neq j)$,
$G_{i}(x,u)=H_{*}(x,u)^{m}$‘ $(i=1, \ldots, \mathrm{r})$ . (1)
$\mathrm{C}[x,\mathrm{u}]$ $\theta_{1},$
$\ldots,$
$\theta_{*}$ $\mathrm{C}(u)[\theta_{1}, \ldots, \theta., x]$
$r=1$ 4 $r\geq 2$ $r\geq 2$ $W_{:}^{(l)}$















$F_{r}^{(k)}$ ( $(\mathrm{m}\mathrm{o}\mathrm{d} I^{k+1})$ $\mathcal{L}_{1}$ $k/\hat{n}$
)
2
2 ( ) \mbox{\boldmath $\chi$}(u)
$F(x, u)$ (u) $f_{t},(s)\neq 0$ $s\in \mathrm{C}^{\ell}$ 1 $F(x, \epsilon)$
$F(x,u)$ –
$\chi(u)$
Newton Newton $\mathcal{L}_{1}$ $\lambda$ ( )
$(u_{1}, \ldots,u\iota)arrow(\mathrm{O}, \ldots, 0)$ $\chi(u)$ $\infty$ ( $0$) Newton
“ (scaled root)” $\overline{\chi}(u)$
$\overline{\chi}(u)\mathrm{d}\epsilon l=|u|^{\lambda}\chi(u)$, $|u|^{\mathrm{d}}=^{\epsilon \mathrm{f}}(|u_{1}|^{2}+\cdots+|u\ell|^{2})^{1/2}$. (4)






$\lambda_{1}$ $\overline{\chi}(u)$ $f_{n}(\epsilon)\neq 0$ $\epsilon$ $\lim\epsilonarrow 0\overline{\chi}(s)=$
Newton $L_{1}$ $f_{\mathfrak{n}}(u)$ Hensel





1 $i\in\{1, \cdots, r\}$ $G:(x,u)$ $\mathrm{C}[x, u]$ $G_{i}$ Hensel
$F_{1}^{(\infty)}$ – 1c(G
3 Hensel
Hensel 1 Moses-Yun 1
Hensel Newton Newton
Hensel Newton $\mathrm{C}[x,u]$
$\mathrm{M}\mathrm{o}\epsilon\alpha$:-Yun $W_{1}^{(l)}(l=0, \ldots,n-1)$ $u$
W:(
$\tilde{G}_{\dot{*}}=F_{\mathrm{N}6\backslash 1r}/G$ : $W_{:}^{(0)}$ $V_{i}^{(0)}G,$ $+W_{:}^{(0)}\tilde{G}_{i}=1,$ $\deg(W_{l}^{(0)})<\deg(c_{:})$, ($x$ )
– ( )
$G_{1}=g_{m}x^{m}+\cdots+g_{1}x+\mathit{9}0$ , $\tilde{G}_{i}=\tilde{g}_{n’}x^{r’}‘+\cdots+\tilde{g}_{1}x+\tilde{g}0(n’=n-m)$ (5)
$W_{1}^{(0)}=W/\mathrm{r}\mathrm{e}\mathfrak{t}\mathrm{i}(G_{i},\overline{c}_{:})$ $W$
$g_{m}$ ... $g_{1}$ 90 $0$
$g_{m}$ $g_{1}$ $0$
$W=$ .
$\check{g}_{\tau\iota’}$ ... $\overline{\mathit{9}}1$ $\overline{\mathit{9}}0$ $x^{m-1}$
$\overline{g}_{f\iota’}$ $\tilde{g}_{1}$
$x^{0}$
$W_{:}^{(1)}(l=1,2, \ldots,n-1)$ $W_{l}^{(1)}=\mathrm{r}\mathrm{e}\mathrm{m}(xW_{i}^{(l-1)}, G_{i})$
$W_{i}^{(1)}$ $\mathrm{k}(c_{:})=g_{m}$
$g_{m}$ ( [SIK05] )
3









Hensel Hensel $p_{:}\mathrm{t}\infty$ ) $F(x,u)$ $F(x,\mathrm{u})$
Newton $F_{\mathrm{N}\epsilon’\nu}(x,u)=H(x,u)^{m},$ $\deg(H)=s,1\mathrm{c}(H)=h_{*}(\mathrm{u})$ , $H(x,u)$
$\mathrm{C}[x,u]$ $h_{l}(u)$ $\chi(u)$ 2
$H(x,u)rightarrow h_{*}^{\epsilon-1}H(x/h.,u)$ $H(x,u)$ $x$
deg(H)=s\geq 2 H(X,u) C




Moses-Ytln Hensel $p_{:}\mathrm{t}\infty$ ) [SK99]
$(Sasaki and Kako) $F_{\mathrm{N}\epsilon \mathrm{w}}(x, u)=H(x,u)^{m}$ $\mathrm{M}\mathrm{o}\alpha\infty \mathrm{Y}\mathrm{u}\mathrm{n}$ $W_{i}^{(l)}$ Hensel
\infty \infty ) $(i=1, \ldots, s)$ ( $\theta_{:}$ )
$\{$
$W_{1}^{(l)}=\{v_{l-1}^{(l)}(x,u)\theta_{1}^{*-1}.+\cdots+\tau v_{0}^{\langle l)}(x,u)\theta_{*}^{0}.$, $\dagger ll_{j}((l)x,u)\in \mathrm{C}(u)[x]$ $(j=s-1, \ldots,0)$ ,
$F_{\dot{*}}^{(\infty)}=C_{\iota-1}^{(\infty)}(x,u)\mathit{9}l^{-1}*+$ $\cdots+C_{0}^{(\infty\rangle}(x,u)\theta_{i}^{0}$ , $C_{j}^{(\infty)}(x,u)\in \mathrm{C}\{(u)\}[x]$ $(j=s-1, \ldots,0)$ . (7)
Hensel $F_{i}^{(\infty)}$ $u$ ( ) $x$ $\theta_{:}$
4(7) $C_{j}^{(\infty)}(x, u)$ $\mathrm{r}\mathrm{e}\epsilon(H, \partial H/\partial x)$
$\square$
$l\mathrm{I}\mathrm{e}\mathrm{n}8\mathrm{e}\mathrm{l}$ \infty )
2 $\overline{x}\Subset$) 2 4
$R_{G}=\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{i}(G_{*}., F_{\mathrm{N}\mathrm{o}\mathrm{w}}/c_{:})$ $R_{H}=\mathrm{r}\mathrm{e}\epsilon;(H,\partial H/\partial x)$
$u_{0}$ 2
u $=0$
$R_{G}(u_{\mathit{0}})=0$ $H_{1}$ $H_{j}(j\neq i)$ $u_{0}$ $u\neq u_{0}$ $H_{1}$ $H_{j}$
$u0$ ( – )
$\chi(u)$ Newton
$H_{1}$ $\tilde{H}_{1}$ $\chi(u)$ Newton $\chi(u)$
Newton $\theta_{1},$ $\ldots,$ $\theta_{*}$
$R_{H}(u_{0})=0$
1 $F(x,u,v)=x^{6}+2x^{4}(u+v)+x^{2}[u^{2}+v^{2}-2(u^{3}+v^{\mathrm{a}})+u^{6}+v^{5}]-2uv(u+v)+u^{\}+v^{5}$ .
Newton $\mathrm{C}[x, u,v]$ $F_{\mathrm{N}\mathrm{c}\mathrm{w}}=[x^{2}+u+v]\cdot[x^{4}+x^{2}(u+v)-2uv]$
4
$G_{1}=x^{2}+u+v,$ $G_{2}=x^{4}+x^{2}(u+v)-2uv$ $\mathrm{r}\mathrm{e}\mathrm{s}^{\backslash }(G_{1}, G_{2})=-2uv$ $\mathrm{M}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{s}- \mathrm{Y}1_{\mathrm{l}}\mathrm{n}$
$uv$ Hensel $F_{1}^{(2)}$ $F_{2}^{(2)}$ $u=0$ $v=0$
$F_{1}^{(2\rangle}$
$=$ $[x^{2}+u+v]-[(u^{3}+v^{3})(u+v)/uv]$ ,
$F_{2}^{(2)}$ $=$ $[x^{4}+x^{2}(u+v)-2uv]+[x^{2}(u^{3}+v^{3})(u+v)/uv-2(u^{3}+v^{3})]$ .
$u=0$ $\tilde{F}(x,v)^{\mathrm{d}}=^{\epsilon i}F(x, 0, v)=x^{6}+2x^{4}v+x^{2}(v^{2}-2v^{3}+v^{6})+v^{5}$ $\tilde{F}_{\mathrm{N}\epsilon \mathrm{w}}(x,v)=(x^{2}+v)^{2}x^{2}$
(x2+v)2 x2 6 Hense1
$\tilde{F}_{1}^{(6\rangle}$
$=$ $[x^{4}+2x^{2}v+v^{2}]-[2v^{3}]-[x^{2}v^{3}+2v^{4}]-[2x^{2}v^{4}+3v^{5})$,
$\tilde{F}_{2}^{(6)}$ $=$ $x^{2}+v^{3}+2v^{4}$ .
$F_{1}^{(\infty)}$
$\chi_{1}(u,v)$ $x1(u,v)\sim\pm\sqrt{-u-v}$ $F_{2}^{(\infty)}$ $\chi^{4}+\chi^{2}(u+$
$v)-2uv=0$ $u=0$ $F_{2}^{(0)}$ – $F_{1}^{\langle 0)}$
$\tilde{F}_{1}^{(\text{ }\infty)}$
$\tilde{\chi}_{1}(v)$ $\overline{\chi}_{1}(v)\sim\pm\sqrt{-v}$ $\chi_{1}(0$ ,
– - $\tilde{F}_{2}^{(\infty)}$ $\tilde{\chi}_{2}(\mathrm{v})$
$x2(v)\sim\pm(-v)^{\mathrm{a}/2}$ $F_{2}^{(\infty)}$ $\tilde{F}_{2}^{\langle\infty)}$ Newton $-1/2,$ $-\theta/2$ $\chi_{2}(u,v)$
$\tilde{\chi}_{2}(\mathrm{v})$
2 $F(x,u,v)=x^{2}+x(u+v+u^{2}v-uv^{2})+(u^{2}-v^{2}+u^{4}+v^{4})$ .
Newton $F_{\mathrm{N}\epsilon \mathrm{w}}$ $(x-\mathit{9}_{1})$ $(x-\theta_{2})$
$F_{\mathrm{N}\epsilon \mathrm{w}}=H(x,u,v)=x^{2}+X(u+v\rangle+(u^{2}-v^{2})=(x-\theta_{1})(x-\theta \mathrm{g})$ .





$F(x,\mathrm{u},v)$ $\chi(u,v)$ $\chi(u, v)\sim[-(u+v)\pm\sqrt{-3u^{2}+2uv+5v^{2}}]/2$ Hensel
$F_{1}^{(\infty)}$ $R(u,v)$ $u+v=0$ $\tilde{F}(x,v)^{\mathrm{d}}=^{\mathrm{e}i}F(x, -v,v)=x^{2}+2xv^{3}+2v^{4}$
$\tilde{F}(x,v)$ $\tilde{\chi}(v)$ $\tilde{\chi}(v)\sim\pm\sqrt{-2}v^{2}$ $u+v=0$ $\circ$
(1) $r=1$ 4 $F_{\mathrm{N}\epsilon \mathrm{w}}=(x-\theta)^{m},$ $m>1$ ,
( [SK99] ) $H(x,u)$
$F(x,u)=x^{rn}+f_{tn-1^{X^{fn-1}}}+\cdots$+ $xrightarrow x’=x-f_{m-1}/m$ (Tsch nha118 )o
$F^{\langle\infty)}(x,u)$ $F^{\prime \mathrm{t}\infty)}(x,u)^{\mathrm{d}}=^{\epsilon \mathrm{f}}F^{(\infty)}(x-f\tau n-1/m, \mathrm{u})$ S $F_{\mathrm{N}\epsilon \mathrm{w}}arrow x^{m}$ $\circ$ $F^{\prime\{\infty)}$
Newton $F^{;(\infty)}$ Hensel $F(x,u)$
$\chi(u)$ Tschirnhaus





Newton $F_{\mathrm{N}\text{ }0}(x, u)=x^{n_{2}}F_{\mathrm{N}\mathrm{o}\mathrm{w}_{1}}(x, u)$ $F_{\mathrm{N}*\mathrm{w}_{1}}(0,u)\neq 0$
FN II $(x,u)$ Hensel $x^{n_{2}}$
5
Newton $N$ $L_{1},$ $\ldots,\mathcal{L}_{q}$ $(n_{1}, e_{1}),$
$\ldots,$
$(n_{q}, e_{q})$ $L_{q}$
$(n‘ j)q+1,q+1$ ($n_{1}=n$,nq+l=0) $j$ $(n_{j}, \mathrm{e}_{j})$
$x^{n_{J}}\hat{f}_{j}(u)$ ( 1 ) $\hat{f}_{\mathrm{j}}(\mathrm{u})$ $F_{\mathrm{N}_{6}\mathrm{w}_{f}}$
$F$ $F_{\mathrm{N}\epsilon \mathrm{w}_{1}}$ $x^{n_{2}}$ Hensel $F=F_{\mathcal{L}_{1}}^{(\infty)}F_{2}^{\prime(\infty)}$ $F_{\mathcal{L}_{1}}^{(\infty)}$
$F_{2}^{\prime(\infty)}$






$F_{L_{2}}^{\mathrm{t}\infty)}F_{\theta}^{\prime \mathrm{t}\infty)}$ $F_{3}^{\prime(\infty)}$ $x^{n_{\rceil}}$. Hensel
$F\cdot\hat{f}_{2}\cdots\hat{f}_{q}$
$\{$
$F(x,u)\cdot\hat{f}_{2}\cdots\hat{f}_{q}=F_{\mathcal{L}_{1}}^{(\infty)}(x,u)\cdots F_{\mathcal{L}_{l}}^{(\infty)}(x,u)$ , $F_{L_{f}}^{(\infty)}\in C\{(u)\}[x]$ $(j=1, \ldots, q)$ ,
$1\mathrm{c}(F_{\mathcal{L}_{1}}^{\langle\infty)})=f_{l},(u)$ , $1\mathrm{c}(F_{\mathcal{L}_{\mathrm{J}}}^{(\infty)})=\hat{f}_{j}(u)(j=2, \ldots, q)$ .
(8)
Hensel $\mathrm{M}\mathrm{o}s\infty \mathrm{Y}\mathrm{u}\mathrm{n}$ [SI00]
2 ($\mathrm{S}$ ki and Inaba) $F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x,u)=x^{n-d}G(x,u),$ $\deg(G)=d,$ $G(0, u)\neq 0$ $V^{(l)}G+$
$W^{(l)}x^{r\iota-d}=x^{1},$ $\deg(V^{(l)})<n-d,$ $\deg(W^{(l)})<d$, Moses-Yxm $V^{(l)},$ $W^{(1)}(l=0,1, \ldots,n-1)$
$\{$
$l\geq n-d\emptyset \mathcal{E}\not\in$ : $V^{(l)}=0$ , $W^{(l)}=x^{l-n+d}$ ,
(9)









($x$ ) 1 $G$ Mosae-Yun $V^{(1)},$ $W^{(1)}$
$G$ ($x$ )
$\circ$






Newton $\mathcal{L}_{1},\mathcal{L}_{2}$ $\hat{f}_{1}=u^{3},\hat{f}_{2}=u+v$ $\hat{f}_{2}F$ Newton
$(u*’)x^{2}\cdot(x^{2}u^{8}+xu^{2}+u+\eta J)$ $F_{\mathrm{N}_{6}\mathrm{w}_{1}}=x^{2}u^{\theta}+xu^{2}+u+v,\hat{f}_{2}F^{\prime(0)}=(1\mathrm{h}v)x^{2}$




$F_{\mathcal{L}_{2}}^{\langle 4)}$ $=$ $x^{2}(u+v)+xv^{2}-x(u^{2}v^{2}+uv^{3}+2v^{4})/(u+v)$
$+[x(u^{4}v^{2}+4u^{2}v^{4}+3uv^{5}+3v^{6})+u^{2}v^{3}+2uv^{4}+v^{\mathrm{S}}]/(u+v)^{2}$ .
$\tilde{F}(x,u)^{\mathrm{d}}=^{\epsilon i}F(x,u, -u)=x^{4}(u^{3}+u^{5})+x^{\theta}(\mathrm{u}^{2}-u^{3}+\mathrm{u}^{4})+x^{2}(2u^{2})+x(u^{2}+u^{\theta}+u^{4})-(u^{\theta}+u^{4})$
Newton $\overline{\mathcal{L}}_{1\prime}\overline{\mathcal{L}}_{2},\tilde{\mathcal{L}}_{3}$ $u+v=0$ $\mathcal{L}_{1}$ $\mathcal{L}_{2}$





$F(x,\mathrm{u})$ $cx^{\mathrm{c}}ae\tau 4_{1^{1}}^{\mathrm{g}}\cdots u_{\ell^{\iota}}^{e}$ $(\tau v_{1}, \ldots,m\ell)\in \mathrm{N}^{\ell}$ $e_{t}=w_{1}e_{1}+\cdots+\tau v\ell e\ell$
(fix’ et, $w_{1},$ $\ldots,u\rangle_{\ell)}$ $F(x, u)$
Newton Newton ,, $e_{t}$,
Newton – Newton
Hensel Hensel $F(x,u)$ $\chi(u)$
4 $F(x,u,v)=x^{4}-2(u^{2}+v^{2})x^{2}+(-\mathrm{u}^{2}+u^{4}+4uv^{2}-3v^{4})$.
$u,v$ $\tau r\prime_{u},w_{v}$ $F$ Newton $F_{\mathrm{N}\cdot \mathrm{w}\{w_{u},\tau v_{v})}$
Newton
$F_{\mathrm{N}\mathrm{c}\mathrm{w}(1,1)}$ $=x^{4}-u^{2}$ $=(x^{2}+u)\mathrm{x}(x^{2}-u)$ ,
$F_{\mathrm{N}\mathrm{e}\mathrm{w}(2,1)}$ $=x^{4}-2v^{2}x^{2}-(\mathrm{u}^{2}-4uv^{2}+3v^{4})$ $=(x^{2}+u-3v^{2})\mathrm{x}(x^{2}-u+v^{2})$,
$F_{\mathrm{N}_{6}\mathrm{w}(\theta,1)}$ $=x^{4}-2v^{2}x^{2}- v^{4}$ $=(x^{2}-3v^{2})\mathrm{x}(x^{2}+v^{2})$ .
Newton $F_{\mathrm{N}\epsilon \mathrm{w}(1,1)},$ $F_{\mathrm{N}\cdot \mathrm{w}(2,1)},$ $F_{\mathrm{N}\epsilon \mathrm{w}(3,1)}$ $4u^{2},4(u-2v^{2})^{2},16v^{4}$
$F_{\mathrm{N}\circ \mathrm{w}(1,1)}$ Hensel $u$ $p(x,u,v)$
$\chi(u,v)$ $u=0$ $F_{\mathrm{N}\cdot \mathrm{w}(2,1)}$
$\chi(u, v)$ $u=2v^{2}$
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